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 A B S T R A C T

The third medium contact has recently emerged as an effective approach for simulating 
contact problems, particularly in cases involving complex self-contact problems and extended 
optimization applications. By introducing a third medium between potential contact surfaces, 
contact constraints can be enforced through the constitutive response of the auxiliary material, 
thereby avoiding the explicit treatment of contact conditions. However, existing third medium 
formulations typically rely on regularization terms involving higher-order derivatives of the 
deformation field, which complicates the numerical implementation and significantly increases 
the computational cost. The Virtual Element Method (VEM) offers greater flexibility in mesh 
design for the third medium contact problems. However, the projection operators in VEM 
become significantly more complex due to the presence of higher-order derivatives. In this work, 
a first-order virtual element method is proposed for third medium contact problems in finite 
elasticity. To make third-medium contact compatible with a first-order VEM discretization, the 
auxiliary-field-based first-order regularization is incorporated into the VEM framework, enabling 
the entire problem to be discretized using only first-order derivatives with the first-order VEM 
framework. The resulting method retains the geometric flexibility of VEM while achieving 
higher computational efficiency. Several numerical examples involving complex self-contact are 
presented to demonstrate the performance of the proposed approach, including self-contact in 
flexible structures, deformation of auxetic metamaterials, and simulations of pneumatic soft 
robotic actuators. The results show that the proposed method provides stable and accurate 
contact simulations while significantly reducing the computational complexity compared with 
conventional higher-order regularization approaches.

. Introduction

Contact problems are widely encountered in computational mechanics and engineering applications, including structural 
echanics, soft robotics, metamaterials, and topology optimization [1,2]. In particular, structures undergoing large deformation 
ften exhibit complex contact behaviors. The accurate and robust numerical simulation of these phenomena remains challenging 
ue to the inherent nonlinearity of contact constraints and the evolving contact status during deformation. These challenges are 
specially pronounced in self-contact problems, where different parts of the same body may come into contact.
Different numerical techniques have been developed for the treatment of contact problems. Classical approaches include the 

enalty method, the Lagrange multiplier method, augmented Lagrangian formulations, and Nitsche’s method [1,3–5]. These methods 
nforce the non-penetration constraint directly on the potential contact surfaces by introducing constraint equations or penalty terms. 
ore advanced approaches, such as mortar methods, have been proposed to improve the consistency and stability, particularly for 
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non-matching meshes [6,7]. Despite their success, these surface-based formulations often require complex algorithms for contact 
detection and treatment of changing contact conditions. These difficulties become even more severe in the presence of large 
deformations and self-contact in complex geometries.

To avoid dealing with inequality constraints and the associated complexities of contact detection, the third medium contact 
approach was first proposed in [8]. In this framework, an auxiliary medium or third medium is inserted between two potential 
contact bodies. The anisotropic constitutive response of the third medium is designed to enforce the contact constraints implicitly, 
thereby transforming the original boundary contact problem into a large-deformation problem without explicit contact constraints. 
The technique has been developed and extended to isogeometric analysis [9] and meshless methods [10].

A more recent formulation of third medium contact was proposed in [11–13]. In this formulation, a compressible hyperelastic 
medium is employed as the third medium and the constitutive response of this auxiliary material acts as a barrier that prevents 
interpenetration. To stabilize highly distorted elements, regularization terms involving the gradient of the rotation tensor and 
the gradient of the Jacobian are introduced. Different types of regularization terms have been discussed and then the third 
medium contact formulation has been applied to various problems, including self-contact in finite strain topology optimization [11], 
simulations of pneumatic actuators [14,15], and contact with friction [16]. However, as noted in [13,14,16], the regularization term 
involves higher-order derivatives. Although these approaches can effectively stabilize the deformation of the third medium, they 
significantly increase the complexity of the numerical formulation. In particular, the presence of higher-order derivatives requires 
higher-order discretization schemes and leads to complicated expressions for the tangent stiffness matrix.

To address these issues, the first order formulation of the third medium contact problem was proposed by Wriggers et al. [15]. In 
this approach, auxiliary fields are introduced to replaces the gradient terms in the regularization formulation. The mixed formulation 
was originally developed for gradient-enhanced continuum damage models [17], and then extended to the third medium contact 
problem, especially for three dimensional problems [18] and the thermo-mechanical contact problems [19]. In addition, a rotation-
based regularization strategy based on a local history measure was proposed in [20] for the third medium contact problem. In the 
rotation-based approach, the rotation of the element is penalized based on the Frobenius norm of the difference between the current 
rotation and the local history rotation measure. It should be noted that these approaches are primarily developed within the finite 
element method (FEM) framework.

The virtual element method (VEM) [21,22] is a generalization of the finite element method that can handle arbitrary 
polygonal/polyhedral meshes. This flexibility makes VEM particularly suitable for problems involving complex geometries and large 
deformations. Owing to its ability to employ general polygonal meshes, VEM provides enhanced flexibility in discretizing the third 
medium region and facilitates the treatment of non-matching meshes between the third medium and the solid domains, especially 
in complex geometries. The core idea of VEM is to project the ansatz space into a polynomial space and a remainder. Consequently, 
the construction of projection operators and stabilization terms plays a central role in the formulation. For the third medium contact 
problem with higher-order regularization, both the projection operators and stabilization terms become significantly more complex 
due to the presence of higher-order derivatives. Although stabilization-free VEM has been proposed and applied to the third medium 
contact for 2D problems [23], it still relies on higher-order basis functions, which reduces computational efficiency.

In this work, a first-order virtual element method formulation for third-medium contact problems is proposed. The present work 
incorporates the auxiliary-field-based first-order regularization strategy proposed in [15] into the VEM framework for the first time. 
By reformulating the regularization term using only first-order derivatives, the proposed method enables a fully first-order VEM 
discretization for third-medium contact problems, thereby avoiding the difficulties associated with higher-order gradients in VEM 
and making it possible to directly solve the third medium contact problem using VEM.

The remainder of this paper is organized as follows. Section 2 presents the governing equations of the third medium contact 
formulation. Section 3 discusses different regularization strategies and introduces the proposed first-order regularization based on 
auxiliary fields. Section 4 describes the virtual element discretization and the implementation details of the method. Numerical 
examples are presented in Section 5 to demonstrate the performance of the proposed approach. Finally, concluding remarks are 
given in Section 6.

2. Governing equations

2.1. General continuum formulation

The third medium contact provides a novel framework by introducing a virtual medium between two potential contact bodies. 
In this way, the original boundary contact problem is transformed into a large-deformation problem, and the explicit enforcement of 
contact constraints can be avoided. The two contacting bodies 𝛺𝛼 (𝛼 = {1, 2}) are surrounded by a third medium 𝛺𝑚, as shown in Fig. 
1. The third medium has to act as a barrier to prevent interpenetration while allowing for separation and sliding. The mechanical 
behavior of the third medium is typically modeled using a compressible hyperelastic material model in the framework of finite 
elasticity.

For the bodies undergoing large deformations, all governing equations are formulated in the reference configuration. The 
deformation mapping is defined as 𝝋 ∶ 𝑿 ↦ 𝒙 = 𝑿 + 𝒖, where 𝑿 and 𝒙 are the position vectors of a material point in the 
reference and current configurations and 𝒖 is the displacement vector. The deformation gradient is given by 𝑭 = ∇𝒖 + 𝑰 . Then the 
right Cauchy–Green deformation tensor is defined as 𝑪 = 𝑭 𝑇𝑭 , which will be used to describe the constitutive modeling.
2 
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Fig. 1. Contact of two bodies with a third medium.

Under the finite deformation assumption, the governing equations for the third medium contact problem are derived from the 
principle of virtual work as 

𝛱(𝒖) = ∫𝛺

[

𝛹 (𝑪) − 𝒃̄ ⋅ 𝒖
]

d𝛺 − ∫𝛤𝑁
𝒕̄ ⋅ 𝒖 d𝛤𝑁 ⇒ 𝛿𝛱 = 0, (1)

where 𝛹 is the strain energy density function, 𝒃̄ is the body force, and 𝒕̄ is the traction on the Neumann boundary 𝛤𝑁 . Then the 
weak form of the equilibrium equation can be obtained by taking the variation of Eq. (1).

For computational domain 𝛺𝛼 ({𝛼 = 1, 2}), the strain energy density function 𝛹𝛼 can be expressed based on the volumetric-
isochoric split as 

𝛹𝛼(𝑪) = 𝐾𝛼

2
(ln 𝐽 )2 +

𝜇𝛼

2

(

𝐽− 2
3 tr(𝑪) − 3

)

, (2)

where 𝐾𝛼 is the bulk modulus, and 𝜇𝛼 is the shear modulus of the body 𝛺𝛼 , 𝐽 = det(𝑭 ) is the volume change.
For the third medium 𝛺𝑚, the strain energy density function 𝛹𝑚 can also be expressed based on the volumetric-isochoric split 

given in Eq. (2), but the material parameters should be carefully selected to appropriately reflect the auxiliary nature of the third 
medium contact. Besides, to prevent excessive distortion of the third medium during large deformations, an additional regularization 
term 𝛹 𝑟 should be introduced into the strain energy density function.

2.2. Strain energy density for the third medium

The third medium 𝛺𝑚 must satisfy two essential requirements. First, when no contact occurs, its contribution to the strain energy 
density should be negligible. Second, as the two bodies approach each other, the strain energy must increase rapidly, providing a 
strong stiffening response that effectively prevents interpenetration. Since the third medium does not correspond to a physical 
material, its strain energy density function can be designed with significantly greater flexibility than that of conventional materials.

Based on these considerations, the strain energy density function for the third medium can be designed as given in Eq. (2). 
However, a small parameter 𝛾 should be introduced to ensure its negligible contribution when no contact occurs. Then the strain 
energy density function for the third medium can be expressed as 

𝛹𝑚(𝑪) = 𝛾
[

𝐾𝑚

2
(ln 𝐽 )2 +

𝜇𝑚

2

(

𝐽− 2
3 tr(𝑪) − 3

)

]

, (3)

where the logarithmic term ln 𝐽 has the property as 𝛹𝑚 → ∞ as 𝐽 → 0 for the large compression case of the third medium. This 
will cause the stiffness of the third medium to increase rapidly as the gap decreases.

For the plane strain assumption, the second term in Eq. (3) is sufficient to prevent penetration as 𝐽 → 0, 𝛹𝑚 → ∞. Then the 
strain energy density function for the third medium can be expressed as 

𝛹𝑚(𝑪) = 𝛾
[

𝜇𝑚

2

(

𝐽− 2
3 tr(𝑪) − 3

)

]

. (4)

In this manner, the third medium can act as a barrier to prevent interpenetration.
However, when the strain energy density is employed as in Eqs. (3)–(4), the elements in third medium domain may experience 

excessive distortion during large deformations, especially for geometry model with free boundaries. To alleviate this issue, an 
additional regularization term 𝛹 𝑟 is introduced into the strain energy density function for the third medium.
3 
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3. Regularization for the third medium

3.1. Regularization based on the gradient

To prevent excessive distortion of the third medium during large deformations, an additional regularization term 𝛹 𝑟 should be 
introduced into the strain energy density function. A classic regularization term [15] can be selected as 

𝛹 𝑟
𝑅𝐽 = 𝛼𝑟

𝛾
2
(∇𝑹 ⋮ ∇𝑹 + ∇𝐽 ⋅ ∇𝐽 ) , (5)

where 𝑹 is the rotation tensor (𝑭 = 𝑹 ⋅ 𝑼 ) and 𝐽 is the Jacobian determinant (𝐽 = det(𝑭 )).
The rotation tensor 𝑹 can be calculated analytically for two-dimensional problems [15] 

𝑹 =
⎡

⎢

⎢

⎣

cos𝜑 − sin𝜑 0
sin𝜑 cos𝜑 0
0 0 1

⎤

⎥

⎥

⎦

, (6)

which only depends on the rotation angle 𝜑. Here, 

𝜑 = arctan
(

𝐹21 − 𝐹12
𝐹11 + 𝐹22

)

. (7)

Then, the rotation tensor 𝑹 can be explicitly expressed in the two-dimensional case by the components of the deformation gradient 
𝑭 . Furthermore, the gradient of the rotation tensor can be computed as 

∇𝑹 ⋮ ∇𝑹 = 2∇𝜑 ⋅ ∇𝜑. (8)

Thus, only the gradient of the angle ∇𝜑 and the gradient of the Jacobian determinant ∇𝐽 are involved in the regularization term. 
Then the regularization term can be expressed as 

𝛹 𝑟
𝜑𝐽 = 𝛼𝑟

𝛾
2
(2∇𝜑 ⋅ ∇𝜑 + ∇𝐽 ⋅ ∇𝐽 ) . (9)

Similar to the regularization terms mentioned in Eq. (9), there are some other regularization terms which have been proposed 
in the literatures, for detail, see [11,13–15]. However, all the above regularization terms involve higher-order derivatives of the 
displacement field, which may give rise to the following issues:

• Higher-order elements are required during mesh discretization, which reduces computational efficiency.
• The second variation of the potential energy functional involves higher-order tensors (up to sixth order), which significantly 
complicates the evaluation of the tangent stiffness matrix.

• When VEM is employed, it is necessary to take into account the discretization of the regularization term and additional 
stabilization terms.

These difficulties are generally acceptable when the third-medium contact problem is solved using the FEM. However, for VEM, 
it is not straightforward to construct suitable projection operators for the regularization terms involving higher-order derivatives. 
Although stabilization-free VEM can be applied to the third medium contact problem, it still relies on higher-order basis functions. 
In particular, the stabilization-free VEM introduces additional higher-order polynomial spaces to compute the projection operators, 
which inevitably reduces computational efficiency.

It is evident that the above difficulties primarily arise from the higher-order derivatives introduced by the regularization 
terms. Consequently, these issues may be addressed either by approximating the higher-order contributions or by constructing a 
regularization term free of higher-order derivatives.

3.2. First order regularization term based on auxiliary fields

In order to avoid the issues caused by higher-order derivatives (the gradient of the rotation angle 𝜑 and the gradient of the 
Jacobian 𝐽 as given in Eq. (9)), Wriggers [15] proposed a technique for approximate computation of the gradients based on auxiliary 
fields. This approach leads to the third medium without higher-order derivatives, but it introduces additional auxiliary fields that 
need to be solved simultaneously.

Under this approach, the strain energy density function for the third medium can be expressed as 
𝛹 𝑟
𝜑𝐽 (𝒖, 𝑝, 𝑞) = 𝛹𝑚(𝒖) + 𝛹𝜑

𝑅 (𝒖, 𝑝) + 𝛹𝐽 (𝒖, 𝑞), (10)

where 
𝛹𝜑
𝑅 (𝒖, 𝑝) =

𝛾
2
[

𝛽1(𝜑(𝒖) − 𝑝)2 + 𝛼𝑟∇𝑝 ⋅ ∇𝑝
]

, (11)

𝛹𝐽 (𝒖, 𝑞) =
𝛾
2
[

𝛽2(𝐽 (𝒖) − 𝑞)2 + 𝛼𝑟∇𝑞 ⋅ ∇𝑞
]

. (12)

The auxiliary fields 𝑝 and 𝑞 are introduced to approximate the rotation angle 𝜑 and the Jacobian determinant 𝐽 , respectively. Besides, 
𝛽1 and 𝛽2 are penalty parameters which enforce the approximation of the gradient. Compared to the parameter 𝛾, the parameters 𝛽1
and 𝛽2 have small impact on the results. As suggested in [15], the parameters 𝛽1, 𝛽2 can be selected as 𝛽1 = 10 ∼ 1000, 𝛽2 = 10 ∼ 1000. 
The specific parameter choices will be presented in the numerical examples section.
4 
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4. Virtual element discretization for third medium contact

Considering the total strain energy density function for the third medium defined in Eq. (10), the virtual element method can 
be employed to discretize the third medium contact problem under the framework of finite elasticity. Since the regularization term 
does not involve higher-order derivatives, only the first-order VEM needs to be used.

4.1. Weak-form of the third medium contact problem

Based on the total strain energy density function for the third medium defined in Eq. (10), the weak form of the equilibrium 
equation can be obtained and an incremental-iterative scheme based on Newton’s method can be employed to solve the nonlinear 
problem. The residual vector and tangent stiffness matrix can be derived from the first and second variations of the potential energy 
functional, respectively.

For the third medium domain 𝛺𝑚, the internal virtual work can be expressed as 

𝑊 (𝑭 , 𝑝, 𝑞) = ∫𝛺𝑚

𝛹𝑚(𝑭 ) d𝛺 + ∫𝛺𝑚

𝛹𝜑
𝑅 (𝑭 , 𝑝) d𝛺 + ∫𝛺𝑚

𝛹𝐽 (𝑭 , 𝑞) d𝛺. (13)

The variation of the internal virtual work can be expressed as 

𝛿𝑊 (𝑭 , 𝑝, 𝑞) = 𝛿𝑭𝑊 + 𝛿𝑝𝑊 + 𝛿𝑞𝑊 , (14)

where 

𝛿𝑭𝑊 =∫𝛺𝑚

𝜕𝛹𝑚

𝜕𝑭
∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝]
𝜕𝜑(𝑭 )
𝜕𝑭

∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞]
𝜕𝐽 (𝑭 )
𝜕𝑭

∶ 𝛿𝑭 d𝛺,
(15)

𝛿𝑝𝑊 = −∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝] 𝛿𝑝 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝑝 ⋅ ∇𝛿𝑝 d𝛺, (16)

𝛿𝑞𝑊 = −∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞] 𝛿𝑞 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝑞 ⋅ ∇𝛿𝑞 d𝛺. (17)

To get the tangent stiffness matrix, the second variation of the potential energy functional needs to be computed. The second 
variation of the internal virtual work 𝛿(𝛿𝑭𝑊 ) can be expressed as 

𝛿(𝛿𝑭𝑊 ) = 𝛿2𝑭𝑊 + 𝛿𝑝(𝛿𝑭𝑊 ) + 𝛿𝑞(𝛿𝑭𝑊 ), (18)

where 

𝛿2𝑭𝑊 = ∫𝛺𝑚

𝛿𝑭 ∶ 𝜕2𝛹𝑚

𝜕𝑭 𝜕𝑭
∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝] 𝛿𝑭 ∶
𝜕2𝜑
𝜕𝑭 𝜕𝑭

∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽1𝛿𝑭 ∶
𝜕𝜑
𝜕𝑭

𝜕𝜑
𝜕𝑭

∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞] 𝛿𝑭 ∶ 𝜕2𝐽
𝜕𝑭 𝜕𝑭

∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽2𝛿𝑭 ∶ 𝜕𝐽
𝜕𝑭

𝜕𝐽
𝜕𝑭

∶ 𝛿𝑭 d𝛺,

(19)

𝛿𝑝(𝛿𝑭𝑊 ) = −∫𝛺𝑚

𝛾𝛽1𝛿𝑭 ∶
𝜕𝜑
𝜕𝑭

𝛿𝑝 d𝛺, (20)

𝛿𝑞(𝛿𝑭𝑊 ) = −∫𝛺𝑚

𝛾𝛽2𝛿𝑭 ∶ 𝜕𝐽
𝜕𝑭

𝛿𝑞 d𝛺. (21)

Similarly, the second variation of the internal virtual work with respect to 𝑝 and 𝑞 can be obtained as 
𝛿(𝛿𝑝𝑊 ) = 𝛿𝑝(𝛿𝑝𝑊 ) + 𝛿𝑭 (𝛿𝑝𝑊 )

= ∫𝛺𝑚

𝛾𝛽1𝛿𝑝𝛿𝑝 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝛿𝑝 ⋅ ∇𝛿𝑝 d𝛺 − ∫𝛺𝑚

𝛾𝛽1𝛿𝑝
𝜕𝜑
𝜕𝑭

∶ 𝛿𝑭 d𝛺,
(22)

𝛿(𝛿𝑞𝑊 ) = 𝛿𝑞(𝛿𝑞𝑊 ) + 𝛿𝑭 (𝛿𝑞𝑊 )

= ∫𝛺𝑚

𝛾𝛽2𝛿𝑞𝛿𝑞 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝛿𝑞 ⋅ ∇𝛿𝑞 d𝛺 − ∫𝛺𝑚

𝛾𝛽2𝛿𝑞
𝜕𝐽
𝜕𝑭

∶ 𝛿𝑭 d𝛺.
(23)

By defining 

𝑷 = 𝜕𝛹𝑚
, 𝑷 =

𝜕𝜑
, 𝑷 = 𝜕𝐽 , (24)
1 𝜕𝑭 2 𝜕𝑭 3 𝜕𝑭

5 
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the residual vector (see Eqs. (15)–(17)) can be obtained as 

𝑹𝒖 = ∫𝛺𝑚

𝑷 1 ∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝]𝑷 2 ∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞]𝑷 3 ∶ 𝛿𝑭 d𝛺 − 𝒇 𝑒𝑥𝑡,
(25)

𝑹𝑝 = −∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝] 𝛿𝑝 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝑝 ⋅ ∇𝛿𝑝 d𝛺, (26)

𝑹𝑞 = −∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞] 𝛿𝑞 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝑞 ⋅ ∇𝛿𝑞 d𝛺. (27)

By defining 

D1 =
𝜕2𝛹
𝜕𝑭 𝜕𝑭

, D2 =
𝜕2𝜑
𝜕𝑭 𝜕𝑭

, D3 =
𝜕2𝐽
𝜕𝑭 𝜕𝑭

, (28)

the second variation of the internal virtual work can be expressed as 

𝛿
(

𝛿𝑭𝑊
)

=∫𝛺𝑚

𝛿𝑭 ∶ D1 ∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝] 𝛿𝑭 ∶ D2 ∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽1𝛿𝑭 ∶ 𝑷 2𝑷 2 ∶ 𝛿𝑭 d𝛺

+ ∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞] 𝛿𝑭 ∶ D3 ∶ 𝛿𝑭 d𝛺 + ∫𝛺𝑚

𝛾𝛽2𝛿𝑭 ∶ 𝑷 3𝑷 3 ∶ 𝛿𝑭 d𝛺

− ∫𝛺𝑚

𝛾𝛽1𝛿𝑭 ∶ 𝑷 2𝛿𝑝 d𝛺 − ∫𝛺𝑚

𝛾𝛽2𝛿𝑭 ∶ 𝑷 3𝛿𝑞 d𝛺,

(29)

𝛿
(

𝛿𝑝𝑊
)

= ∫𝛺𝑚

𝛾𝛽1𝛿𝑝𝛿𝑝 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝛿𝑝 ⋅ ∇𝛿𝑝 d𝛺 − ∫𝛺𝑚

𝛾𝛽1𝛿𝑝𝑷 2 ∶ 𝛿𝑭 d𝛺, (30)

𝛿
(

𝛿𝑞𝑊
)

= ∫𝛺𝑚

𝛾𝛽2𝛿𝑞𝛿𝑞 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇𝛿𝑞 ⋅ ∇𝛿𝑞 d𝛺 − ∫𝛺𝑚

𝛾𝛽2𝛿𝑞𝑷 3 ∶ 𝛿𝑭 d𝛺. (31)

The derivatives of the strain energy density function and the high-order tensors can be computed automatically using automatic 
differentiation (AD) [24].

4.2. Virtual element method and projection operator

The virtual element method is a generalization of the finite element method that can handle arbitrary polygonal meshes as shown 
in Fig.  2. The computational domain 𝛺 is discretized into non-overlapping polygonal elements 𝐸. For the first-order VEM, the local 
virtual element space 1(𝐸) on each element 𝐸 is defined as 

1(𝐸) ∶=
{

𝑣 ∈ 1 ∶ 𝑣|𝜕𝐸 ∈ (𝜕𝐸), 𝛥𝑣 ∈ P0(𝐸)
}

, (32)

where (𝜕𝐸) is the boundary element space for the edge 𝑒.
Different from the traditional finite element method, the virtual element method relies on projection operators to approximate 

the strain field within each element. For the first-order VEM, the elliptical projection operator 𝛱∇
1,𝐸 is defined as 

𝛱∇
1,𝐸 ∶ 1,𝐸 (𝐸) → P1(𝐸), 𝑣 ↦ 𝛱∇

1,𝐸𝑣, (33)

where P1(𝐸) is the space of linear polynomials on element 𝐸. The projection operator 𝛱∇
1,𝐸 is determined by the following conditions: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∫𝐸
∇
(

𝛱∇
1,𝐸𝑣 − 𝑣

)

⋅ ∇𝑝1 d𝛺 = 0, ∀𝑣 ∈ 1(𝐸), 𝑝1 ∈ P1(𝐸),

1
𝑁𝑉

𝐸

𝑁𝑉
𝐸

∑

𝑖=1

(

𝛱∇
1,𝐸𝑣 − 𝑣

)

(𝑉𝑖) = 0,
(34)

where 𝑁𝑉
𝐸  represents the number of edges of polygon 𝐸 and 𝑉𝑖 is the 𝑖th vertex of polygon 𝐸. The first equation in Eq. (34) can be 

transformed into a boundary integral using the divergence theorem, 

∫𝐸
∇𝑣 ⋅ ∇𝑝1 d𝛺 = ∫𝜕𝐸

𝑣∇𝑝1 ⋅ 𝒏 d𝛤 , (35)

where 𝒏 is the outward normal vector on the boundary 𝜕𝐸. Thus, the projection operator 𝛱∇
1,𝐸 can be computed using only the 

boundary degrees of freedom.
6 
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Fig. 2. Polygonal mesh in virtual element method for the third medium contact problem.

4.3. Virtual element discretization

The virtual element discretization can be carried out for the third medium contact problem. The projection operator 𝛱∇
1,𝐸

is employed to approximate the deformation gradient 𝑭  within each element. Note the displacement field 𝒖ℎ is a vector-valued 
function, a vectorial projection operator can be defined as 

𝛱∇
1,𝒖 ∶

[

1,𝐸 (𝐸)
]2

→
[

P1(𝐸)
]2 , 𝒖ℎ ↦ 𝛱∇

1,𝒖𝒖ℎ, (36)

The projection operator 𝛱∇
1,𝒖 can be obtained directly by 𝛱∇

1,𝒖 = 𝛱∇
1,𝐸 ⊗ 𝑰2, where 𝛱∇

1,𝐸 is the scalar projection operator defined in 
Eq. (34), and 𝑰2 is the 2 × 2 identity matrix.

In the virtual element framework, the displacement field 𝒖ℎ within each element can be split into two parts 𝛱∇
1,𝒖𝒖ℎ and a 

remainder 𝒖ℎ −𝛱∇
1,𝒖𝒖ℎ as 

𝒖ℎ = 𝛱∇
1,𝒖𝒖ℎ +

(

𝒖ℎ −𝛱∇
1,𝒖𝒖ℎ

)

, (37)

which can be expanded in different spaces as 
𝒖ℎ = 𝝓𝑇

𝒖𝜫
∇
1,𝒖𝒖̃ℎ + 𝝓𝑇

𝒖

(

𝑰𝒖
𝐾 −𝜫∇

1,𝒖

)

𝒖̃ℎ

= 𝒎𝑇
𝒖𝜫

∇∗
1,𝒖𝒖̃ℎ + 𝝓𝑇

𝒖

(

𝑰𝒖
𝐾 −𝜫∇

1,𝒖

)

𝒖̃ℎ,
(38)

where 𝝓𝒖 and 𝒎𝒖 are the basis functions for the virtual element space and the polynomial space, respectively, 𝜫𝛁∗
𝟏,𝒖 and 𝜫𝛁

𝟏,𝒖 are 
the matrix form of the operators in different spaces, 𝒖̃ℎ is the vector of nodal degrees of freedom, 𝑰𝒖

𝐾 is the identity matrix and 𝐾
is the number of degrees of freedom for the displacement of the element. Besides, for the variables 𝑝 and 𝑞, the standard virtual 
element discretization can be employed as 

𝑝 = 𝒎𝑇
𝑝 𝜫

∇∗
1,𝑝𝒑̃ℎ + 𝝓𝑇

𝑝

(

𝑰𝑝
𝐾 −𝜫∇∗

1,𝑝

)

𝒑̃ℎ, (39)

𝑞 = 𝒎𝑇
𝑞 𝜫

∇∗
1,𝑞 𝒒̃ℎ + 𝝓𝑇

𝑞

(

𝑰𝑞
𝐾 −𝜫∇∗

1,𝑞

)

𝒒̃ℎ, (40)

where 𝜫∇∗
1,𝑝 and 𝜫∇∗

1,𝑞 are the matrix form of the projection operators for the variables 𝑝 and 𝑞, respectively.
Then the variation of the deformation gradient 𝛿𝑭  (converted into column vector 𝛿𝑭̂ ) can be approximated as 

𝛿𝑭̂ = ∇𝒎𝑇
𝒖𝜫

∇∗
1,𝒖𝛿𝒖̃ℎ + ∇𝝓𝑇

𝒖

(

𝑰𝒖
𝐾 −𝜫∇∗

1,𝒖

)

𝛿𝒖̃ℎ. (41)

Substituting Eq. (41) into the expressions 𝛿2𝑊  (see Eqs. (29), (30) and (31)), a coupled tangent matrix can be obtained for the 
variables 𝒖, 𝑝 and 𝑞 as 

𝑲 =
⎡

⎢

⎢

𝑲𝒖𝒖 𝑲𝒖𝑝 𝑲𝒖𝑞
𝑲𝑝𝒖 𝑲𝑝𝑝 0

⎤

⎥

⎥

, (42)

⎣𝑲𝑞𝒖 0 𝑲𝑞𝑞⎦

7 
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where 

𝑲𝒖𝒖 = 𝑲1
𝒖𝒖 +𝑲2

𝒖𝒖 +𝑲3
𝒖𝒖 +𝑲4

𝒖𝒖 +𝑲5
𝒖𝒖, (43)

where 

𝑲1
𝒖𝒖 = ∫𝛺𝑚

(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖D̂1∇𝒎𝑇

𝒖𝜫
∇∗
1,𝒖 +𝑲𝑠,1

𝒖𝒖

𝑲2
𝒖𝒖 = 𝛾𝛽1 ∫𝛺𝑚

[𝜑(𝑭 ) − 𝑝]
(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖D̂2∇𝒎𝑇

𝒖𝜫
∇∗
1,𝒖 +𝑲𝑠,2

𝒖𝒖

𝑲3
𝒖𝒖 = 𝛾𝛽1 ∫𝛺𝑚

(

∇𝒎𝑇
𝒖𝜫

∇∗
1,𝒖

)𝑇
𝑷̂ 2𝑷̂

𝑇
2 ∇𝒎

𝑇
𝒖𝜫

∇∗
1,𝒖 +𝑲𝑠,3

𝒖𝒖

𝑲4
𝒖𝒖 = 𝛾𝛽2 ∫𝛺𝑚

[𝐽 (𝑭 ) − 𝑞]
(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖D̂3∇𝒎𝑇

𝒖𝜫
∇∗
1,𝒖 +𝑲𝑠,4

𝒖𝒖

𝑲5
𝒖𝒖 = 𝛾𝛽2 ∫𝛺𝑚

(

∇𝒎𝑇
𝒖𝜫

∇∗
1,𝒖

)𝑇
𝑷̂ 3𝑷̂

𝑇
3 ∇𝒎

𝑇
𝒖𝜫

∇∗
1,𝒖 +𝑲𝑠,5

𝒖𝒖

(44)

and the stabilization term 𝑲𝑠,𝑖
𝒖𝒖 can be computed by the dofi-dofi stabilization method as 

𝑲𝑠,𝑖
𝒖𝒖 = 𝛼𝑖𝑠

(

𝑰𝒖
𝐾 −𝜫∇∗

1,𝒖

)𝑇 (

𝑰𝒖
𝐾 −𝜫∇∗

1,𝒖

)

, (45)

where 𝛼𝑖𝑠 is the stabilization parameter for the 𝑖th term of the stiffness matrix. The selection of the stabilization parameter can be 
based on the spectral properties of the consistent stiffness matrix as suggested in [25–27].

The other blocks of the tangent stiffness matrix can be computed in a similar way as 

𝑲𝒖𝑝 = −𝛾𝛽1 ∫𝛺𝑚

(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖𝑷̂ 2𝒎𝑇

𝑝 𝜫
∇∗
1,𝑝 d𝛺, (46)

𝑲𝒖𝑞 = −𝛾𝛽2 ∫𝛺𝑚

(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖𝑷̂ 3𝒎𝑇

𝑞 𝜫
∇∗
1,𝑞 d𝛺, (47)

𝑲𝑝𝑝 = 𝛾𝛽1 ∫𝛺𝑚

(

𝜫∇∗
1,𝑝

)𝑇
𝒎𝑝𝒎𝑇

𝑝 𝜫
∇∗
1,𝑝 d𝛺 + 𝛾𝛼𝑟 ∫𝛺𝑚

(

𝜫∇∗
1,𝑝

)𝑇
∇𝒎𝑝∇𝒎𝑇

𝑝 𝜫
∇∗
1,𝑝 d𝛺 +𝑲𝑠

𝑝𝑝, (48)

𝑲𝑞𝑞 = 𝛾𝛽2 ∫𝛺𝑚

(

𝜫∇∗
1,𝑞

)𝑇
𝒎𝑞𝒎𝑇

𝑞 𝜫
∇∗
1,𝑞 d𝛺 + 𝛾𝛼𝑟 ∫𝛺𝑚

(

𝜫∇∗
1,𝑞

)𝑇
∇𝒎𝑞∇𝒎𝑇

𝑞 𝜫
∇∗
1,𝑞 d𝛺 +𝑲𝑠

𝑞𝑞 , (49)

where D̂𝑖 and 𝑷̂ 𝑖 are the matrix forms of the high-order tensors D𝑖 and 𝑷 𝑖, respectively, which can be obtained by automatic 
differentiation (AD) [24]. Here, the stabilization terms 𝑲𝑠

𝑝𝑝 and 𝑲𝑠
𝑞𝑞 can be computed using a similar approach as 𝑲𝑠,𝑖

𝒖𝒖 and another 
stabilization parameters should be selected for these two blocks of the stiffness matrix.

The residual vector at the element-level can be derived as 

𝑹𝒖 =∫𝛺𝑚

(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖𝑷̂ 1 d𝛺 + ∫𝛺𝑚

𝛾𝛽1 [𝜑(𝑭 ) − 𝑝]
(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖𝑷̂ 2 d𝛺

+ ∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞]
(

𝜫∇∗
1,𝒖

)𝑇
∇𝒎𝒖𝑷̂ 3 d𝛺 +𝑹𝑠

𝒖 − 𝒇 𝑒𝑥𝑡,
(50)

where the stabilization term 𝑹𝑠
𝒖 can be approximated by the dofi-dofi stabilization. Besides, the residuals 𝑹𝑝 and 𝑹𝑞 can be obtained 

in a similar way as 

𝑹𝑝 = −∫𝛺𝑚

𝛾𝛽1
(

𝜫∇∗
1,𝑝

)𝑇
𝒎𝑝 [𝜑(𝑭 ) − 𝑝] d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇
(

𝜫∇∗
1,𝑝

)𝑇
𝒎𝑝∇𝑝 +𝑹𝑠

𝑝, (51)

𝑹𝑞 = −∫𝛺𝑚

𝛾𝛽2 [𝐽 (𝑭 ) − 𝑞]
(

𝜫∇∗
1,𝑞

)𝑇
𝒎𝑞 d𝛺 + ∫𝛺𝑚

𝛾𝛼𝑟∇
(

𝜫∇∗
1,𝑞

)𝑇
𝒎𝑞∇𝑞 +𝑹𝑠

𝑞 , (52)

where the stabilization terms 𝑹𝑠
𝑝 and 𝑹𝑠

𝑞 can be computed using a similar approach as 𝑹𝑠
𝒖.

Note that the tangent stiffness matrix only involves the first derivative of the variables, so there is no need to construct the 
projection of higher-order gradients. In addition, for a first-order VEM, the integral in the stiffness matrix only requires a single-
point integration formula and ∫𝛺𝑚

𝒎𝑇
𝑝 𝒎𝑝 d𝛺 can be calculated previously (see Eqs. (48) and (49)), resulting in extremely high 

computational efficiency.

5. Numerical examples

In this section, several benchmark and application examples involving self-contact are presented to assess the accuracy, 
robustness, and computational performance of the proposed first-order VEM framework for third-medium contact problems. Unless 
otherwise specified, all numerical examples are formulated in a nondimensional setting. 
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Fig. 3. Self-contact within a box, (a) geometry model and boundary condition, (b)–(d) different meshes for box with third medium.

Fig. 4. Deformed configuration of the box with self-contact under different meshes.

5.1. Closed box with self-contact

For the first example, a closed box with self-contact is considered as shown in Fig.  3(a). The box has a width of 𝐿 = 2.0, a height 
of 𝐻 = 0.5 and a constant thickness of 𝑡 = 0.1. The box is fixed at the lower left corner and simply supported at the lower right 
corner. A vertical displacement load is applied at the middle of the top edge of the box. The hyperelastic constitutive model given 
in Eq. (2) is employed for the box material, the parameters are selected as bulk modulus 𝐾 = 20 and shear modulus 𝜇 = 10. The 
third medium is introduced in the box to handle the self-contact problem. The strain energy density function for the third medium 
is defined as in Eq. (10), and the parameters will be specified later. The virtual element method is employed to discretize the third 
medium contact problem. Three different meshes are considered for the box with the third medium as shown in Fig.  3(b)–(d). It 
can be observed that there are some polygon elements in mesh 1 and mesh 3.

First, the regularization parameters were selected as 𝛾 = 1 × 10−5, 𝛼𝑟 = 10, 𝛽1 = 100 and 𝛽2 = 100 for the third medium. The 
vertical displacement load is selected as 𝑢𝑦 = −1.0 which is applied using 100 loading steps within the Newton–Raphson solution 
scheme. The first order virtual element method is employed and the deformed configurations under different meshes are shown in 
Fig.  4. During the loading process, contact occurs between the upper and lower flanges of the box. It is clearly visible that the third 
medium is highly compressed and effectively prevents the penetration.

Subsequently, the influence of the parameters 𝛾 and 𝛼𝑟 for the third medium is investigated (mesh 2 is employed). The gap 𝑔
between the surfaces of the upper and lower flange is tested under displacement load 𝑢𝑦 = −0.75. For different parameters 𝛾 and 
𝛼𝑟, the gap 𝑔 is obtained and compared in Table  1. We observe that the parameter have little influence on the final gap 𝑔, but 
the parameter 𝛾 has a more significant effect on the quality of the solution with respect to the gap closing. This also means that 
in the following examples, we need to focus on the choice of parameter 𝛾. For very small values of 𝛾, the gap 𝑔 can be reduced 
to very small values, indicating that the VEM with the proposed regularization term can provide an accurate and stable contact 
simulation. More clearly, the gaps 𝑔 during the loading process under different parameter 𝛾 (𝛼𝑟 = 1) are shown in Fig.  5. As can be 
seen from the figure, the good approximation can be observed for small values of 𝛾. Additionally, if the parameter 𝛾 is chosen too 
small (𝛾 = 1 × 10−8), the calculation will fail.
9 
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Table 1
Gap 𝑔 between the surfaces of the upper and lower flange 
for different parameters.
 𝛼𝑟 𝛾 𝑔

 
10

1 × 10−4 9.6900E−03 
 1 × 10−5 1.5828E−03 
 1 × 10−6 1.4411E−04 
 1 × 10−7 3.9107E−05 
 
1.0

1 × 10−4 9.6899E−03 
 1 × 10−5 1.5829E−03 
 1 × 10−6 1.4411E−04 
 1 × 10−7 3.9107E−05 
 
0.1

1 × 10−4 9.6899E−03 
 1 × 10−5 1.5829E−03 
 1 × 10−6 1.4411E−04 
 1 × 10−7 3.9107E−05 

Fig. 5. Gap 𝑔 during the loading process under different parameter 𝛾 (𝛼𝑟 = 1).

Fig. 6. Computational mesh for computational efficiency.

Finally, the computational efficiency of the proposed VEM with the first-order regularization and the traditional FEM with the 
first-order and second-order regularization term is compared. Here the second-order regularization term is selected as 

𝛹 𝑟
𝛥𝑭 = 𝛼𝑟

𝛾
2

[

∇𝑭 ⋮ ∇𝑭 − 1
𝑛𝑑𝑖𝑚

Div(∇𝒖) ⋅ Div(∇𝒖)
]

. (53)

The regularization parameters are selected as 𝛾 = 1 × 10−5 and 𝛼𝑟 = 10. The second-order ansatz function is employed for the finite 
element discretization to account for the higher-order derivatives in the regularization term. The second-order ansatz function and 
the higher-order derivatives can be found in [14,15,28]. The vertical displacement load is selected as 𝑢𝑦 = −1.0 which is applied 
using 100 loading steps within the Newton–Raphson solution scheme. The computational meshes for the efficiency comparison are 
shown in Fig.  6, where the meshes are employed for the VEM and FEM with different regularization terms.
10 
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Table 2
Computation time for different methods, (r1 means first-order 
regularization Eq. (10), r2 means second-order regularization Eq. 
(53).)
 VEM+ r1 FEM +r1 FEM+r2  
 mesh 1 2.187158 2.949629 10.821180 
 mesh 2 8.595736 14.380967 44.590665 
 mesh 3 15.587197 26.404193 77.574039 
 mesh 4 36.699796 66.153639 95.141812 

Fig. 7. Self-contact within a box, (a) geometry model and boundary condition, (b) VEM mesh for C-box with third medium.

The computation time for different methods is recorded and compared in Table  2. The proposed first-order VEM formulation 
demonstrates superior computational efficiency in the tested problems, mainly due to the single-point integration and the avoidance 
of higher-order discretization (for the stiffness matrices 𝑲𝑝𝑝 and 𝑲𝑞𝑞 , triangulation techniques need to be introduced for integration 
calculations, see Eqs. (48) and (49)). When combined with the third-medium scheme proposed in this work, VEM is therefore capable 
of handling complex contact problems more efficiently. Moreover, the application of second-order regularization techniques (see 
Eq. (53)) within the VEM framework would be extremely complex, as it would require the construction of projection operators for 
higher-order derivatives. Such difficulties, however, are avoided in the present approach.

5.2. C-box with self-contact

Another benchmark example involving self-contact is the C-box problem which is originally proposed in [11]. The geometry 
model and boundary conditions are illustrated in Fig.  7(a). The C-box has a width of 𝐿 = 1.0, a height of 𝐻 = 𝐿∕2 and a constant 
thickness of 𝑡 = 0.1. The box is fixed at the left side and a prescribed displacement 𝑢𝑦 is applied at the right top point of the box. 
The polygon mesh for the C-box with the third medium is shown in Fig.  7(b). The hyperelastic constitutive model given in Eq. (2) 
is employed for the box material, where parameters are selected as bulk modulus 𝐾 = 5∕3 and shear modulus 𝜇 = 5∕14 to obtain a 
very flexible beams. The VEM mesh for the C-box is given in Fig.  7(b), where the non-matching mesh is used with hanging nodes.

First, a prescribed displacement of 𝑢𝑦 = −0.5 is applied at the upper-right corner of the box over 100 incremental loading steps 
using the Newton–Raphson solution scheme. In this example, the regularization parameter 𝛾 is tested as 𝛾 = 1×10−6 and 𝛾 = 1×10−5

for comparison. Besides, the other parameters for the third medium are selected as 𝛼𝑟 = 100, 𝛽1 = 100, and 𝛽2 = 100. The deformed 
configurations corresponding to different regularization parameters are shown in Fig.  8. When a small value 𝛾 = 1×10−6 is adopted, 
the computation fails when the third medium is too flexible and the mesh is too distorted. In contrast, a larger value 𝛾 = 1 × 10−5

provides a more effective regularization of the mesh, leading to a stable and accurate solution, as illustrated in Fig.  8. It is observed 
that point contact occurs between the two flanges of the C-box during the loading process.

Next, a large prescribed displacement of 𝑢𝑦 = −1.0 is applied at the upper-right corner of the box over 100 incremental loading 
steps. The regularization parameters for the third medium should be larger as 𝛾 = 5×10−5 and 𝛼𝑟 = 100. The deformed configuration 
of the C-box under the large displacement load is shown in Fig.  9. It can be observed that the initially point contact depicted in Fig. 
8 progressively evolves into an line contact.

5.3. Deformation of auxetic metamaterials

The third medium contact is a powerful tool for simulating self-contact problems for metamaterials. In this work, the third 
medium contact approach with the proposed VEM discretization is further applied to simulate the deformation of auxetic 
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Fig. 8. Deformed configurations of the C-box with different regularization parameter 𝛾.

Fig. 9. Deformed configurations of the C-box under 𝑢𝑦 = −1.0.

metamaterials involving self-contact. The traditional Cassini oval is used to build the peanut-shaped holes structure as shown in 
Fig.  10. The geometry of the Cassini oval is defined by the following equation in polar coordinates: 

𝑟4 + 𝑎4 − 2𝑎2𝑟2 cos(2𝜃) = 𝑏4, (54)

where 𝑎 and 𝑏 are two parameters that control the shape of the Cassini oval, which are related to the parameters 𝑠 and 𝑑 by 
𝑠 = 2

√

𝑎2 + 𝑏2, 𝑑 = 2
√

𝑏2 − 𝑎2. (55)

The minimum thickness of the curved ligaments as shown in Fig.  10(b) is denoted by 𝑚. Then, a square unit cell with side length 
𝐿 = 2(𝑠 + 𝑑 + 𝑚) (56)

is constructed. In this example, the parameters are selected as 𝑎 = 1.0 and 𝑏 = 1.05 and 𝐿 = 4.82.
The hyperelastic constitutive model given in Eq. (2) is employed for the metamaterial, where parameters are selected as bulk 

modulus 𝐾 = 5∕3 and shear modulus 𝜇 = 5∕14. The third medium is introduced in the holes to handle the self-contact problem. 
The parameters for the third medium are selected as 𝛾 = 1 × 10−5, 𝛼𝑟 = 100, 𝛽1 = 𝛽2 = 100. The virtual element mesh for the 
auxetic metamaterial with the third medium is shown in Fig.  11. Here, the triangular mesh and polygonal mesh are considered for 
comparison.

A vertical displacement load 𝑢𝑦 = −1.5 is applied at the top edge of the unit cell while the other edges are symmetrically 
constrained. The deformed configurations of the auxetic metamaterial under different meshes are shown in Fig.  12. It can be observed 
that the metamaterial exhibits complex self-contact behavior during the deformation process. The third medium with triangleal mesh 
12 
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Fig. 10. Schematic diagram of geometric features of (a) a general Cassini oval; (b) a generated perforated unit cell.

Fig. 11. VEM mesh of the auxetic metamaterial, (a) triangle mesh, (b) polygonal mesh.

can effectively prevent the penetration of the structure. The contour plot of the von-Mises stress for the auxetic metamaterial under 
𝑢𝑦 = −1.5 is shown in Fig.  13.

The reaction force at the top edge of the unit cell during the loading process is shown in Fig.  14. For the finite element method, the 
first-order and second-order schemes are considered for comparison and the same regularization term is employed for the second-
order scheme. It can be observed that the reaction force obtained from the VEM is in good agreement with the FEM with the 
second-order formulation, while the FEM with the first-order formulation exhibits adeviation due to the shear locking.

In this work, due to the use of a first-order scheme, the number of degrees of freedom is significantly reduced compared to a 
second-order scheme. For auxetic metamaterials, a global analysis can be performed directly. The geometric model and VEM mesh 
for the auxetic metamaterial consisting of 4 × 4 unit cells are shown in Fig.  15. The bottom edge is fixed and a vertical displacement 
load 𝑢𝑦 is applied at the top edge of the metamaterial.

The deformationed configurations and contour plots of the von-Mises stress for the auxetic metamaterial under different 
displacement loads are shown in Fig.  16. It can be observed that complex self-contact behavior occurs for 𝑢𝑦 = −3.5 and the 
third medium contact can simulate the self-contact behavior effectively. But also mentioned that, the multi-cell model allows the 
structure to evolve freely; therefore, auxetic metamaterials are more prone to buckling or deformation mode localization in multi-cell 
simulations. The instability phenomena can be observed for 𝑢𝑦 = −3.585 as shown in Fig.  16(b). This behavior is attributed to the 
increased structural flexibility and geometric nonlinearity of the multi-cell auxetic system, where local buckling-like deformation 
modes emerge during large deformation. Numerically, the nonlinear solution becomes increasingly difficult to converge near this 
critical state due to the strong sensitivity of the equilibrium path.

5.4. Deformation simulation of pneumatic actuators for soft robots

Pneumatically actuated systems, such as soft robot actuators and fiber-reinforced actuators, are widely used in various 
applications due to their inherent compliance and adaptability. The deformation of these actuators often involves pressure-driven 
13 
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Fig. 12. Deformed configurations of the auxetic metamaterial under different meshes, (a) 𝑢𝑦 = −1.0, (b) 𝑢𝑦 = −1.5.

Fig. 13. Contour plots of the von-Mises stress for the auxetic metamaterial under 𝑢𝑦 = −1.5.

Fig. 14. Reaction force during loading for different methods.
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Fig. 15. Geometric model and VEM mesh for the auxetic metamaterial with 4 × 4 unit cells.

Fig. 16. Deformed configurations and contour plots of the von-Mises stress for the auxetic metamaterial, (a) 𝑢𝑦 = −3.5, (b) 𝑢𝑦 = −3.585.

inflation and complex self-contact behavior, which can be effectively simulated using the third medium contact approach. For the 
pneumatic part, another energy term 𝛹𝑝 should be added to the total strain energy density function for the third medium as 

𝛹𝑇𝑀 (𝒖) = 𝛹𝑚(𝒖) + 𝛹 𝑟
𝜑𝐽 (𝒖) + 𝛹𝑝(𝒖), (57)

where 𝛹𝑝 is the potential energy density function associated with the pressure load, which can be expressed as 

𝛹𝑝(𝒖) = −𝑃𝐽, (58)

where 𝑃  is the applied pressure/suction and 𝐽 is the determinant of the deformation gradient 𝑭 . As demonstrated in [14], the 
Cauchy stress 𝝈 = −𝑃𝑰 can be derived from the potential energy density function associated with the pressure load. For positive 
pressure load 𝑃 , the Cauchy stress 𝝈 is negative, which indicates that the pressure load is applied in the outward normal direction 
15 
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Fig. 17. The geometry and size of the pneumatic actuator, and the definition of a third medium.

of the surface. For negative pressure load 𝑃 , the Cauchy stress 𝝈 is positive, which indicates that the suction load is applied in the 
inward normal direction of the surface.

In this work, a pneumatic actuator used for soft robots is considered. The geometry and size of the pneumatic actuator are shown 
in Fig.  17. There are 8 cells in the actuator, and the third medium is introduced in the pneumatic chamber and between the cells 
to handle the self-contact problem.

The left side of the actuator is fixed and a pressure load 𝑃  is applied in the pneumatic chamber. The hyperelastic constitutive 
model given in Eq. (2) is employed for the actuator material, where parameters are selected as bulk modulus 𝐾 = 20 and shear 
modulus 𝜇 = 10. The parameters for the third medium are selected as 𝛾 = 1 × 10−5 and 𝛼𝑟 = 100. The virtual element mesh for 
the pneumatic actuator with the third medium is shown in Fig.  17. The deformed configurations of the pneumatic actuator under 
different pressure loads are shown in Fig.  18.

It can be observed that the pneumatic actuator exhibits complex deformation behavior during the inflation process, and self-
contact occurs between the cells. The third medium contact approach can effectively simulate the self-contact behavior and provide 
accurate results for the deformation of the pneumatic actuator under different pressure loads.

6. Conclusions

In this work, the virtual element method (VEM) has been employed to simulate third medium contact problems in the framework 
of large deformation elasticity. Within the third medium formulation, a first-order regularization strategy has been introduced to 
enhance the stability of the numerical solution. By introducing auxiliary fields to approximate the rotation angle and the Jacobian 
determinant, the regularization formulation can be expressed using only first-order derivatives. Compared with the conventional 
second-order regularization term, the first-order regularization term can effectively regularize the mesh and improve the stability of 
the solution without introducing higher-order derivatives. Several numerical examples involving self-contact problems are presented 
to demonstrate the effectiveness and accuracy of the proposed method. Deformation of auxetic metamaterials and pneumatic 
actuators for soft robots are also simulated to show the potential applications of the proposed method in complex engineering 
problems. Due to the geometric flexibility of polygonal meshes and the reduced number of degrees of freedom associated with 
the first-order formulation, the proposed method is particularly suitable for large-scale simulations of complex structures. The 
extension of the proposed framework to three-dimensional problems is particularly important but also poses additional challenges. 
Compared with the two-dimensional setting, three-dimensional third-medium contact problems involve more complicated geometric 
representations, complex self-contact patterns, and significantly increased computational cost. Future work will therefore focus 
on the development of an efficient three-dimensional VEM framework for third-medium contact problems and its applications to 
large-scale engineering systems.
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Fig. 18. Deformed configuration of the pneumatic actuator with the third medium under different pressure loads.
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